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Abstnd-For finite plastic deformations of porous metals and geotechnical materials such as cohesionless
or COhesive soils, a theory is developed which accounts for plastic volumetric changes, pressure sensitivity,
and microscopic frictional effects, and therefore involves a nonassociative Row rule. This development is
based on a systematic modification of the usual Jrflow potential and yield function. It is shown that a
number of specialized, recently developed plasticity theories are special cases of the theory presented here.
For iIIustrdtion. the problem of triaxial testing of cohesionless sands or cohesive soils is analyzed in detail,
and it is shown that the theory gives many of the experimentally observed responses of this kind of
materials under monotone loading conditions. Finally, the simple shear test is examined, and possible
application of the theory to stable and unstable fault motions, is mentioned.

I. INTRODUCTION

This paper develops a theory of work-hardening, finite-strain plasticity which may have direct
application to diJatant materials in general, and to porous metals, rocks and granular materials
such as sands and soils, in particular. It is known that the mechanical responses of materials of
this kind are pressure sensitive, and that, due to changes in porosity and the presence of
internal frictional and other effects, the usual incompressible theory of plasticity with normality
and associated flow rule does not apply. Moreover, both for grandular materials and for ductile
metals containing microvoids, large inelastic strains are encountered. Therefore, a systematic
development of a plasticity theory for finite strains and including nonassociative flow rule and
dilatancy (or compressibility) effect seems in order.

The present work unifies in a general context a number of specialized small-strain or
finite-strain theories which have recently been considered by a number of writers in various
contexts, see, e.g. Berg[l], Rudnicki and Rice[2] and Wilde [3]. Berg's[l] work pertains to
(small) plastic deformation of microporous metal aggregates, and involves a pressure sensitive
yield condition. Rudnicki and Rice[2) consider the formation of shear bands in rock masses,
and develop a plasticity theory with nonassociative flow rule for finite strains. They introduce
two constants, a dilantancy factor and an internal friction coefficient. They then generalize their
formulation in an effort to account for the vertex-like structure of the yield surface, this
generalization essentially amounting to the modification of the elastic and the work-hardening
moduli. Wilde [3] proposes a small strain plasticity theory with normality and associative flow
rule, based on the extension of the usual Jrplasticity theory. He applies this theory to examine
the mechanical behavior of granular materials in the context of the critical state soil mechanics;
see Schofield and Wroth[4]. As we shall show, for dilatant materials with internal friction, the
use of the associative flow rule leads to contradiction.

The theory presented here is a systematic extension of the usual J2 theory of plasticity for
finite strains and with nonassociative flow rule. Although there are some similarities between
our work and the work of Wilde [3], our results go beyond the limited scope considered by
Wilde, and avoids some essential inconsistancies that exist in Wilde's theory. For example, in
our theory the dilatancy parameter relates directly to the flow potential, and is distinct from the
internal frictional factor which relates to the yield function. Moreover, for soils in a triaxial
state of stress, we obtain a relation between the dilatancy factor and the frictional coefficient
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(both may be functions of pressure as well as plastic volume change), which provides us with a
natural definition of the critical state as a consequence of the basic theory.

Our development follows the basic procedure of Hill [5]. In Section 2 the basic constitutive
relations are developed in terms of the quantities common in continuum mechanics. A
discussion of the results and a comparison with other theories are presented in Section 3. In
Section 4 we apply the theory to a soil sample in triaxial stress state, and show how the theory
includes as a special case all essential features contained in the critical state soil mechanics of
Schofield and Wroth [4], our development, however, clearly shows that the use of an associative
flow rule is in contradiction with the other assumptions of the critical state theory. In an effort
to provide an easy comparison, in Section 4 we shall use notation common in soil mechanics.

2. FORMULATION OFTHEORY

For simplicity, a fixed rectangular Cartesian coordinate system with coordinate axes, Xi,

i = 1,2,3, is used. The material is regarded rate-independent, and therefore the time parameter
may be any convenient monotone quantity; this parameter will be denoted by 8, and superim
posed dot will designate material rate of change with respect to 8. With Vi designating the
velocity field, and D;i =(l/2)(vij +Vi.i) standing for the deformation rate tensor, where comma
followed by an index represents partial differentiation with respect to the corresponding
coordinate, one has the following exact decomposition,t HilI[6]:

Dij=Dij+D~, (2.1)

where superscript e stands for the elastic part, and superscript p for the plastic part. For
problems of interest here, the elastic strain rate may be related to a (properly invariant)
stress-rate by means of a linear relation similar to Hook's law. For example, with tij denoting
the Jaumann rate of change of the Cauchy stress, O'iit

we may set

tij =cTij - WiJcO'ki - WjkO'ki, i, j, k = 1,2,3, (2.2)

(2.3)

where repeated indices are summed, prime denotes the deviatoric part, p. is the elastic shear
modulus, and K is the elastic bulk modulus; in (2.2), ~j = (l/2)(Vij - vi.i) is the spin tensor.

The plastic part of the deformation rate tensor is expressed in terms of a flow potential, g,

as*

(2.4)

where O'ii is the total stress (the deviatoric part plus the spherical part), i.. is a scalar function,
and the flow potential g is assumed to depend on the state of stress including the hydrostatic
pressure (or tension), on the total plastic volumetric strain, 4, measured with respect to a
suitable reference state, and on the total distortional plastic work, ~, in the following manner:

gyJ +G(1, 4, ~), (2.5)

tunlike the deformation rate tensor, strains in finite deformations do nol admit simple additive decomposition of Ihe
form (2. I). For a critical discussion of this and related points. see Nemat·Nasser (7].

fNole Ihal because of Ihis. the orienlation of the plastic strain rate. 0:;. is not affecled by the orienlalion of Ihe
*slress·rates U q• however. one may include comers in Ihe flow potenlial and the yield funclion.
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(2.6)

for simplicity in notation, we use J for the commonly used J2, / (or the commonly used lit and
do not use superscript p on A. although it only represents tbe plastic part of the volumetric
strain. In (2.6), Po and p are the mass density in the reference and in the current states,
respectively. Later on we sbalJ find it convenient to use the current confiauration for reference.
Then one sets Po == Polter the integration in (2.6h,,, is performed. Note that in accumulating the
plastic volumetric: change and the plastic distortional work, it is essential to use a common fixed
reference configuration. especially since large volumetric changes may be involved. In (2.6),
therefore. t and A represent, respectively, the distortional plastic work and the plastic
volumetric change. both measured per unit volume in the reference configuration.

In addition to the ftow potential. a yield function. I. in the foJlowing form is considered:

f. VJ - F(l, A, t)· (2.7)

Then the scalar parameter i. in (2.4) is determined from the consistency condition, i == 0, and
this yields,

. (. h iJF .)/A = v J - 81 / H,

where

• • •
Sincet v'J = O/2)uips/Vl, and i = Uil. (2.4) and (2.8) yield,

(2.8)

(2.9)

(2.11)

(2.10)J)';;' A (1 '* 8F * )
Ii =2HVJ 2\TJ U IdCTId - "if lTiI< ,

nP 3iJG (1 '. 8F * )
UiI< =H aJ 2\TJ IT/dCT/d - aJ CTiI< '

These equations hold as long as the yield condition, f = V) - F = 0, is satisfied.
From (2.9H2.ll) it is seen that, as far as the ftow potential g is concerned, only aG/al

enters into the final constitutive relations. If both sides of (2.10) are multiplied by uq, the result
summed on i and i, and (2.11) is used, one obtains,

(2.12)

Since the denominator in tbe right-band side is positive, the left-hand side will have the same
sign as DZA:. Hence, 30G/a1 is a measure of the instantaneous rate of plastic volumetric
changes. Following the terminology of Rudnicki and Rice[2] and Mehrabadi and Cowin[8]. we
sbalJ refer to 30G/a1 as the dilatancy factor. We note, however, tbat this factOr is, in general, a
function of J, A and t. It is possible in certain specific applications to express the dilatancy
factor in terms of oFfal. An example of tbis kind is worked out in Section 4. In general,

tHere only the Jaumann raCe tan be used in che (orm inditated.
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however, one may treat the dilatancy factor as an independent constitutive parameter which
may be positive, negative or zero, for the same material under different deformation and
loading histories.

The quantity aFtal represents the sensitivity of material hardening to hydrostatic tension. In
this sense it represents the effect of internal friction on yielding of granular materials.

Equations (2.10) and (2.11) are in form similar to eqns (10) of Rudnicki and Rice [2]. In fact,
if the functions F and G are restricted so that -aFtal =il/3, and aGlal =1313, with il and 13
constants, and if H is identified with h, we obtain eqns (10) of [2], il here is not the shear
modulus used before, but rather it is an internal frictional coefficient, and 13 is a dilatancy
factor. Since the functions F and G can be suitably adjusted for specific applications, the
present generalization seems to provide considerable flexibility. In general, for granular
materials the effective friction and the instantaneous dilatancy are highly affected by the
inelastic volumetric changes that have taken place, and by the corresponding inelastic dis
tortions; the former appear to be more significant in cohesionless soils, whereas the latter playa
dominant role in cohesive soils, such as clays-moreover, both materials are highly pressure
sensitive. Similar comments may apply to rock masses, where microcracks, fissures, and joints
exist, and their configuration and density change in the course of inelastic deformations.
Equations (2.10) and (2.11) reflect these facts to a certain extent. In particular, it is noted that
both the distortional and the dilatational parts of the deformation rate tensor can be made to
depend on pressure, volumetric plastic strain, and the total distortional work; these and related
aspects are more fully discussed later on.

If aGIal E 0, then~ EO and from (2.6h it follows that /!,. = O. In this case, the material may
be pressure sensitive only through the dependence of the yield function on the pressure,
although it is plastically incompressible. When both aGIal and aFtal are identically zero, then
one arrives at the Prandle-Reuss plasticity equations.

Finally, one may combine the plastic and elastic deformation rates from (2.10), (2.11) and
(2.3), into (2.1), and arrive at

(2.13)

where

The inverse of (2.13) is

where

•O'/J =M/Jk/Dti,

(2.14)

(2.15)

(2.16)

Equations (2.13H2.16) provide a complete set of constitutive relations for plastic materials
whose response involves plastic volume changes, large plastic deformations, and that do not
comply with the usual assumptions of normality and associative ftow rule. In the following
section these equations are contrasted to equations proposed by Rudnicki and Rice [2] and by
Wilde [3], and an alternative formUlation in terms of the effective plastic strain is given.
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3. DISCUSSION AND COMPARISON WITH OTHER RESULTS

If one introduces the "effective" shear stress and the "effective" shear strain increment as

(3.1)

then in a simple shear test the tangent to the shear stress-plastic shear strain curve is given by
h=di/dY. For proportional loading and when Po"" p, it can be shown (Hill [5]) that YJaFTa~ in
eqn (2.9) equals the tangent modulus h. Hence, in a general case we may follow the usual
practice and define

Then the work-hardening parameter, H, may be expressed ast

H=ht+h,

where

(3.2)

(3.3)

(3.4)

The quantity h measures work-hardening induced by plastic distortion, whereas hI cor
responds to hardening (or softening) due to volumetric and pressure effects. For this reason one
may refer to hI as "density-hardening" parameter. For loose sands, e.g. only the density
hardening parameter seems to be of importance. We observe that when h =0, then aGIal =0
implies H =0 and n:.: =O. Moreover, granular materials harden as they compact and soften as
they dilate. Then if one regards compression and compaction positive (tension and dilation
negative), i.e. A> 0 for volume decrease, one concludes that aFTaA> O. In this case sign
H =sign aGIaI, where sign stands for the sign function. It then follows that H >0 impliesn:.: > 0 (densification) and H <0 implies n:.: <0 (dilation). On H =0, n:.: =aGlaI =O. In the
1, YJ-plane the curve aGIal = 0 defines the critical states; see Section 4. Note that when h'# 0
then sign H is not necessarily equal to sign aGIal =sign .0:..

Returning to the general case, we note that with the aid of (3.3) the basic rate equation for
the distortional part of the deformation rate becomes

(3.5)

This equation has some of the attributes of a constitutive relation which has been proposed by
Rudnicki and Rice [2] and which has been obtained by the generalization of a deformation type
plasticity theory. The corresponding equation of [2] can be expressed as

. (1 1) *. (1 1)0'j,0'~ * ii..,D/J= -+-= O'/J+ ---::- O'kI+~O'tjO"/J'
IL 2h l h hI 4J 6hYJ

(3.6)

where the shear modulus is denoted by IL, the internal friction coefficient by ji., and hi here is
the second modulus. A basic difference between the two equations is that in (3.6) the
introduction of the second modulus also affects the elastic response, whereas in (3.5) the elastic
and plastic parts are completely kept apart. In (3.6) the effective elastic shear modulus is

tFrom eqn (2.11) it can be concluded that if H tends to zero, then for ~ to remain bounded, the quantity inside the

parentheses must vanish. Since this quantity is given by ~q6f1kij we see that, in this case, the stress rate becomes tan&ent
to the yield surface (perfect plasticity).

55 Vol. 16. No. 6-B
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predicted to increase with plastic deformation, and hence the relative values of the strain rate
components depend on the relative values of the stress rates. In addition, eqn (3.5) presents a
proper flow theory plasticity whereas (3.6) is deduced by generalizing linear elasticity equations.
The hardening parameter, H, and its constituents, h and hi in (3.5), have clear physical
interpretations, and may be correlated directly with physically observed responses of com
pressible frictional inelastic materials, see next section for an illustration. A similar comment
applies to the other parameters which enter the present theory.

Before we compare our results with those of Wilde [3), we briefty discuss an alternative
formulation of the theory in terms of the effective plastic strain, eqn (3.th. To this end, instead
of the plastic distortional work, we introduce the total "effective" plastic strain, Hill [5], as

and set

g =VJ + 0(1, a, ii), / =VJ - F(1, a, ii),

(3.7)

(3.8)

(3.9)

for the flow potential and the yield function, respectively. Now, following the same procedure
as before, we obtain equations similar to (2.10) and (2.11), except that the functions G and F
must be replaced by 0 and F, respectively. For the hardening parameter, H, however, we
obtain

_ l!! ali iJF iJF
H -3 p iJl aa + iJii'

and notice that iJRiJii = iJf!iJii = h is indeed the slope of the shear stress-plastic shear strain
curve in a simple shear test.

Wilde [3] considers a small strain plasticity theory with normality and associative flow rule.
The last assumption implies that the functions g and I are identical. In view of the assumption
of small deformations. the total linearized elastic and plastic strains are additive, i.e. Eli =
Eq +E~, where E stands for the linearized strain. Then, instead of the total effective p'la~tic

strain, ii, and the total plastic volumetric strain, a, one may use, respectively, N =«(1/2)fq f~ )1/2

and E~" in the yield function, arriving at Wilde's equations. As pointed out before, most
problems associated with the inelastic behavior of granular materials involve finite defor
mations. Moreover, there is no reason to believe that the dilatancy factor, 3aG/iJI, and the
effective frictional factor, -3iJF1iJI, should always be equal. In fact, the latter quantity is always
positive for frictional materials, whereas the former may be positive, negative or zero,
depending on whether .0:. is positive, negative or zero. Therefore, the theory presented here
ought to provide a suitable general setting for the description of mechanical properties of soil
and rock masses in particular, and other dilatant plastic materials in general.

4. APPLICATION: TRIAXIAL TEST OF SOILS

We consider in some detail a possible application of the theory to the triaxial test commonly
used to study the mechanical response of soils. We assume an initial homogeneous stress state
defined by

O'IJ =0'10 0'22 =0'33 =0'2, all other O'li =0. 0'1 > 0'2. (4.1)

and, in line with practice in soil mechanics, regard compression and contraction positive and
tension and extension negative. The deviatoric components of the stress are

(4.2)
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(4.3)

Since, for granular materials consisting of rigid or almost rigid particles, the strains are
totally or essentially inelastic, we only consider the plastic strain rates, D~, and for simplicity
drop out the superimposed p in the sequel. Then, from (2.10), (2.1l), and in view of (4.1), it
follows that DII =D" and ~2 =~3 • ~, are the only nonzero strain rate components, so that
the deviatoric components of the strain rates are,

(4.4)

Denote by Aj the stretcht in the xi-direction, ; = 1,2,3. Then, by definition and in view of the
sign convention, we have - 1>. =(In Aj )' and

(4.5)

We shall use

(4.6)

as the "time parameter", and note that when AI =A2 =1 (no deformation), we have E. =O.
Observe that since 0', > 0'2, we have AI < 1 and A2 > 1, i.e. contraction in the xI-direction, and
expansion in the Xl" and x3-directions. Hence, for this kind of loading, A,jA, > I, which implies
that E > 0, and, in view of (4.5), E. is monotone increasing for continued deformation. In what
follows only deformations of this kind will be considered; however the results can easily be
modified if the sample extends in the xl-dircction and contracts in the Xl" and xrdirections, in
which case the roles of A, and A2 on one hand, and D, and ~ on the other hand, must be
reversed. Note that in terms of A, and A2 the volumetric strain is

(4.7)

In soil mechanics the state of stress in a triaxial test is usually characterized by pressure, p,
and distortional stress, q,

1 1
p =3(0'1 +20'v =3I, q =(0'1 - 0'2) =V(3J). (4.8)

The state of deformation is characterized by the rate of volumetric strain, Vlv, measured per
unit current volume, and the distortional strain, i,

(4.9)

In the sequel we shall use (P, q) to represent the state of stress and (v/v, i) to represent the
strain rate.

The rate of distortional work per unit current volume is

(4.10)

tAl is the 1enath of an element in the currect configuration, dip divided by the corresponding initiallenath, dSj •
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On the other hand, by definition, (eqns (2.6), (2.8) and (2.9)], we have

(4.11 )

From (4.10) and (4.11) it now follows that

(4.12)

This equation relates q and p. If the work-hardening parameter H is established experimentally
or by other means, then (4.12) can be used directly; we shall illustrate this in the sequel; see eqn
(4.30) and the corresponding discussions.

The dilatancy factor, 3aG/aI =aG/ap, can be given a clear physical interpretation in the
present special case. From (2.6),,, (2.12) and (4.10), it follows that

(4.13)

which indicates that V3aG/ap is the rate of volumetric strain, ti/v, per unit rate of distorional
strain, E. Hence, the dilatancy factor can be established experimentally as suggested by (4.13);
note that in the present case the denominator in the right-hand side of (4.13) is positive.

Let e denote the void ratio, i.e. the ratio of the void volume, V... to the volume of the solid,
V, contained within a sample of total volume V. +V" e = VJV,. Then, by definition the
volumetric strain, A, is related to the void ratio by

(4.14)

where 4 is the initial value of the void ratio; note that, in view of the sign convention, A is
defined by (vo- v)/vo where v is the current volume and Vo is the initial volume of the sample.

From (2.6)3." and (2.12) we obtain

which can be integrated to yield

. ~ ~. aGA=C!DI' = -p II J ap (4.15)

(4.16)

with the initial condition A=O at f=O. Equation (4.16) is valid in general. It can be further
reduced for the triaxial state of strain considered here. To this end we note that either (4.15) or
(4.13) can be written as

d4 aG-=V3-dEI-A ap

which, upon integration, gives

A =1-exp {- V3f ~~ dE'J.
With the aid of (4.14) it now follows that

e= 4-(1 +4)[I-eXP{-V3f ~; dE'}].

(4.17)

(4.18)

(4.19)
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It is commonly accepted that a monotone and continuous shearing of cohesionless sand
leads to a void ratio, t e, called critical, which only depends on the confining pressure and the
grain size distribution and shape, but is indepednent of the initial value of the void ratio. This
means that in a continuous monotone deformation, the dilatancy factor flOIap must approach
zero. We hence set

(4.20)

and then obtain

from which it follows that

Hence we obtain

K =I+te
1+to'

(4.21)

(4.22)

which shows that there is a net amount of densification or dilatancy depending on whether
to> te: Ooose sand) or to < t e (dense sand). FIgUre 1 shows the observed variation of t with the
strain, E. Curve (1) is for loose sand, to> t e, for which t decreases monotonically with
increasing E, approaching t e asymptotically. In this case ao/ap remains positive (continuous
densification). Curve (2) of rIB. I, on the other hand, is for dense sand, to < t e• In this case
experiment shows that, similar to the case of loose sand, there is an initial densification which
is, however, followed by dilatancy. Hence, flOlflp is initially positive, but for dense sand, it
becomes zero at a certain E, and then is negative as E is increased, approaching zero
asymptotically. For this case, there is always a net amount of dilatancy. We shall show in the
sequel that all these experimentally observed facts are contained in the constitutive model
which has been developed in this paper.

4.1 A model for cohesion/ess sands
We shall now attempt to construct a relation between the dilatancy factor, flO/ap, and the

coefficient of internal friction, aF7ap, for cohesionless sands. To this end we observe that the
total rate of plastic work, W" measured per unit current volume is

Wp =pvlv +qi. (4.23)

If the only source of dissipation is internal friction due to sliding, the above rate of work must
equal the rate of frictional loss.

e

Fig. I. Variation of the void ratio with strain in a triaxial test; Curve (I) is for loose, and Curve (2) for
dense sands.
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Fig. 2. Biaxial stale of stress.

The calculation of the rate of frictional loss requires careful consideration of the relative
motion of the grains, and is indeed a complicated problem. We therefore consider a simple
(approximate) approach instead, as follows.

As a motivation, first consider biaxial defromation of cylindrical rods, plane strain problem,
where D:!3 =0, see Fig. 2. In this case the rate of change of area is d =DI +fJz, and the
two-dimensional deviatoric strain rates are D~I =(l/2)(DI - Dz) and D~ =-(l/2)(D1- Dz). The
hydrostatic pressure becomes p =(1/2)(ul +u~. Consider now a biaxial deformation where the
axial strain rates are equal to the deviatoric ones, D~1 and D~. The sample undergoes plane
strain pure shearing and, since on planes making a 45° angle with the principal stress axes the
normal stress is equal to the hydrostatic pressure, the frictional stress on these planes would be
"I =(aFlap)p, aFlap being the coefficient of friction. Hence, the rate of frictional work per unit
current volume becomes 'T,(ID~II +ID~) =2",D~1 =",(DI - Dz).

In the triaxial case with Dl1 =D.. Dn =D:!3 =fJz, we add the contribution for motions in the
x .. Xr, X2, X3- and x .. x3-planes, arriving at

w, ... ~:p(IDII - Dnl +IDn - D:!31 +1D:!3 - Dill)

=2 aF p(DI - Dz) =3 aF pi.
ap ap (4.24)

If we now equate the rate of plastic work with the rate of frictional loss, and consider (4.13),
we obtain

(4.25)

This relates the dilatancy factor with the coefficient of internal friction. Equation (4.25) may be
regarded as a generalization of eqn (5.21a) of Schoefield and Wroth[4]. It however shows that
the concepts of internal friction and dilatancy are not compatible with the assumption of
associative flow rule which has been used by these authors, and also be Wilde[3].

Since the friction coefficient, aFlap, is positive, eqn (4.25) shows that under a constant
confining pressure, p= constant, the dilatancy factor, aG/ap, is always initially, i.e. at q=0,
positive. Hence initially the sample tends to density, as shown for both curves (i.e. loose sand
and dense sand) in Fig. 1. It is remarkable that the theory yields this experimental fact as one of
its immediate consequence.

In the p, q-plane the curve

aF3-p-q=0ap (4.26)

is the locus of points on which aG/ap = Ii = 0, i.e. it is the critical curve which passes through
the origin, see Fig. 3. If the coefficient of friction, aFlap, is assumed to be constant, we obtain
the critical line introduced by Schofield and Wroth [4].
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CRITICAL
CURVE

p

rig_ 3. The critical curve in the q, p.plane for cobesionless sand.

Consider now the hardening parameter (2.9), and in view of (4.6), (4.7) and (4.8) obtain

sos

H = 1[(3 aF -!l.)(l- A) 8F +8F]\73 ip P aA iE '
(4.27)

where (4.25) is used. The last term in the right-hand side represents hardening due to the
distortional plastic work, i.e. h =(iFT8E)/V3, see (3.2). The remaining terms on the right-hand
side of (4.27), on the other hand, represent hardening due to changes in density. The quantity
(l-A)iFT8A is always positive, as it represents hardening due to volumetric contraction; note
that F increases with increasing A, i.e. with plastic compaction.

For simplicity we set

(4.28)

and reduce (4.27) to

(4.29)

note that a. Mand hare. in general. functions of Eo We now substitute from (4.29) into (4.12) to
arrive at

!!e._ V3 M!J!.=a(M-!l.)+h.
dE 3 iE P

(4.30)

This is our main differential equation. It includes aU commonly observed behavior of
cohesionless sands in triaxial tests with monotonically changing loading conditions. To show
this, we shaU consider a triaxial test under constant confining pressure. p =constant. We note,
however. that qualitatively the results will be the same for a triaxial test in which u: is held
fixed.

At constant pressure the differential equation (4.30) becomes

(4.31)

We shall DOW examine qualitatively the solution of this differential equation with the initial
condition

q=OatE=O (4.32)

for two possible behavior of the work-hardening function h= heEl. These are sketched in Fig.
4(a) by Curves (1) and (2). We assume, moreover, that the positive quantity aM remains
essentially constant.
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rtg. 4. (a) Variation of the distorsional hardening parameter with strain; (b) Variation of the normalized
differential stress with strain: Curves (1) are for loose and Curves (2) for dense samples.

In the case of Curve (1), Ii drops to zero very quickly and is assumed to be essentially zero
for E> EO witht Eo ~ pIa. Then from (4.31) it is clear that in the q, E-plane one obtains a solution
similar to Curve (1) of Fig. 4(b), where q increases monotonically from zero approaching
(qlp) =M asymptotically. This is the response of loose sand, eo> ee' From this and eqn (4.19)
written as

e=eo-(1+eo>[l-exp{-f (M-qIP)dE')], (4.33)

it then follows that the void ratio e decreases monotonically, approaching a constant value, ee,
as shown by Curve (1) in Fig. 1.

The assumption that the material hardening due to distortional work, i.e. Ii = V3(aF7aE),
should behave for loose sand in a manner sketched by Curve (1) of Fig. 4(a), may be justified if
we consider the fact that in this case there is a substantial amount of densification and,
therefore, hardening due to the density changes is very dominant; in fact, for a very loose sand,
one may totally isnore the effect of h, and consider a model with only density-hardening.

In Fig. 4(a) Curve (2) shows a variation for Ii which, although monotonically decreasing with
increasing E, does not approach zero fast enough. Therefore, the function fa will affect the
qualitative behavior of the solution of eqn (4.31). For a and M positive constants, this is
sketched by Curve (2) in Fig. 4(b). Since Ii approaches zero for sufficiently large E, the solution
curve of (4.31), in the q, E-plane again approaches asymptotically the line qlp =M, as shown by
Curve (2) in Fig. 4(b). However, in this case qlp increases monotonically, becoming equal to M
for a certain value of E at which Ii(E) is still finite. Hence, qlp continues to increase until the
right-hand side of eqn (4.31) is zero at f =f*, after which, because of the mollOtone decreasing
nature of Ii, qlp decreases monotonically, approaching asymptotically from above, qlp =M. As
is well known, this is precisely the observed behavior of dense sand. Moreover, with this
variation of qlp with respect to E, eqn (4.33) immediately reveals that the void ratio in this case
varies with E in a manner shown by Curve (2) of Fig. 1. Here. as qlp increases from zero, the
void ratio decreases, attaining its minimum value when qlp = M. After this the void ratio begins
to increase, attaining the initial value eo at point where Jl(M - qlp) dE' =O. After this point e

tNote the role of hydrostatic pressure.
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increases monotonically, attaining the critical value er asymptotically, see Curve (2) of Fig. 1.
For dense sand, therefore, both the density-hardening and the hardening due to plastic
distortion play dominant roles. The present model seems to adequately represent the observed
behavior of cohesionless sands.

4.2 Model with cohesion
In the preceding case we have assumed cohesionless granular materials, and hence resis

tance to sliding stems only from frictional effects. The model may be generalized somewhat by
including the cohesive effects. In 1I simplified attempt one may modify the frictional resistance
by the addition of a cohesive force, O/3)C, which may be regarded to depend on p, Aand E, or
one may assume it to be a constant, as the situation may dictate. The rate of frictional work is
now modified to

(4.34)

Equations (4.25) and (4.26) now, respectively, become

8F
3 8p P - (q - C) =o.

(4.35)

(4.36)

The critical curve defined by (4.36) no longer passes through the origin in the p, q-plane, but
intersects the q-axis at q =C (see Fig. S). This is compatible with experimental observation on
cohesive soils.

In the present case the hardening parameter, H, becomes

H= 1 {(3 8F _q-C\[O_A)8F]+8F}.V3 8p p} 8A 8E
(4.37)

The presence of cohesion therefore, has the effect of modifying the frictional coefficient
M = 38F18p. Depending on how the cohesion factor C, which is a non-negative quantity, varies
as Eis increased, we obtain a modified response in the q, E-plane, but qualitatively the results
are similar to those already discussed for cohesionless sand, and therefore will not be explored
any further here.

4.3 Simple shear
It is seen that the constitutive relation developed in this paper seems to account for the

observed mechanical responses of granular materials in triaxial tests. It is easy to verify that a
similar conclusion is obtained for the simple shear test of this kind of materials. In fact, in this
case a more rigorous estimate for the rate of frictional loss can be obtained. Hence, if the shear
stress is denoted by T and the shear strain by 'Y, then, for the simple shear test, one has: J = ~,

q

CRITICAL
CURVE

p

Fig. S. The critical curve in the q, poplane for cohesive soils.



S. NEMAT-NASSER and A. SHOKOOH

DI2 = ~I = (l/2>i', wp = pillv+rY, and WI = (aFTap)pj. Hence, instead of eqn (4.25), we now
have

(4.38)

In view of (2.6).., we also obtain

n i: .,' 'I' (. aF.).z:.. ~ =ry ='1'1\ =- 'I' - - P
Po H op

which yields

where H, the work-hardening parameter, becomes

H=(oF -!)(I-A) aF +aF
up p aA a1

a (1 7')==-r.; -M-- +hv3 3 p ,

(4.39)

(4.40)

where a and M are as defined by (4.28), and h is the tangent modulus in simple shear, as
defined in Section 3.

Hence, except for slight modifications of coefficients, in simple shear equations similar to
those of triaxial test are obtained. Therefore the form of the solution will be the same as that of
the triaxial test.

4.4 Comparison with experiments
Here we shall examine in the light of our theory, some experimental results on triaxial tests

of crushed Westerly granite and Ottawa sand, reported by Zoback and Byerlee[9, 10].
Figure 6 reproduces Fig. 1 of Zoback and Byerlee[9, p. 292], and shows the differential

stress, q in the present notation, and the change in void volume per unit initial void volume, as
functions of the axial strain AlII. As suggested by our theory, we have replotted these
experimental results in Figs. 7 and 8: FlIUfe 7 represents the nonnaliztd differential stress, qlp,
vs the strain Edefined by eqn (4.6); while Fig. 8 represents the void ratios as functions of the
same strain measure.t As is seen from Fig. 7, all experimental results for crushed Westerly
granite in this new representation, essentially fall on tbe same stress-strain curve. Moreover,
from Fag. 8 the variation of void ratios seems to foUow a single pattern, their difference
essentially being due to the initial value of the corresponding void ratio.

To fit these experimental data with a minimum number of parameters, we shall use the
simplest possible form for the material functions, and assume in eqn (4.31) that alp and Mare
both constants and that the hardening function h has the following simple exponential form:

(4.41)

~ being a constant. Hence eqn (4.31) can be integrated to yield

;=M[I-exp{-i E}]+ al":~~ [exp{-~E}-exp{-iE}]. (4.42)

We shall now establish the values of the parameters M, alp, ho!p, and ~, for the experimental
results reported in Figs. 7 and 8.

tWe have replotted only those points for which all the needed data were available.
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Fig. 7. Normalized differential stress, qlp vs the strain, f = (2}3) In(Az/AI ), in triaxial tests of crushed
Westerly granite; Experimental data from Zoback and Byerlee(9); The theoretical (solid) curve displays eqn

(4.42) with M =2.4, B=(alp)M +(ho!p) =26. alp =7and fJ =5.
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Fig. 8. Void ratio. t, vs the strain f in triaxial tests of crushed Westerly granite; Experimental data from
Zoback and Byerlee(9); The theoretical (solid) curves display eqn (4.33) for the qlp. forelation of Fig. 7.
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Since M = 3oRop, and since aRap is the coefficient of overall friction in shear, we can
identify the possible range of variation of M from the frictional strength of rocks, reported by
Byerlee[ll, 12], which has been reproduced as Fig. 3 in[9]. From this result it is evident that for
the low-pressure range, DRop varies somewhere between 0.6 and 1. On the other hand, the
curve qlp, according to the theory, crosses the line qlp = M at the point where the void ratio
has its minimum value, see the discussion at the end of Section 4.1. From the experimental
results the crossing occurs for M between 2.3 and 2.7. If we take DRop =0.8, as suggested by
experimental results, then we have M = 2.4.

We evaluate eqn (4.31) at E = 0, to obtain the initial slope of the stress-strain curve as

B= [!~] =!!M+ ho .
p dE .-0 P P

(4.43)

Comparison with the data reported in Fig. 7 shows that B "" 26. Moreover, alp = 7 and {J =5
seem to be adequate estimates in the present context.

With the above values of the coefficients, the curve in Fig. 7 displays eqn (4.42), which
seems to fit the experiments. It is experimentally very difficult to obtain reliable data after the
peak stress is attained, because the sample then is unstable. Therefore we have not tried to
force the theoretical curve to follow closely the experimental trend after the peak stress.
However, it should be noted that the theoretical curve in Fig. 7 displays a peak stress and then
drops asymptotically to qlp =M =2.4.

From eqn (4.33) and (4.42) we can now calculate the corresponding void ratios. The
theoretical results are shown by solid curves in Fig. 8. Comparison for p = 500 and 1,000 bars is
good, but for the lower pressure, i.e. p =200 bars, only the trend is displayed.

The experimental results reported by Zoback and Byerlee[lO] for Ottawa sand may be
divided into two categories: those associated with p =1,000 and l.soo bars, and the others
associated with lower pressures. Although it is difficult to precisely ascertain from the reported
results, the higher pressure data seem to suggest the existence of a peak stress, whereas the
lower pressure data do not. Figures 9 and 10 are the plots of qlp vs E.

For Fig. 9 we have set M =2.4, B =32, alp = 9 and (J =7, and from eqn (4.42) plotted the
theoretical results by a solid curve. This is an excellent fit to the experimental results, because
not only are the experimental data for the stress-strain relation closely followed, but also the
theory predicts very nicely the variation in the corresponding void ratio for p = 1,000 bars, as
shown in Fig. 11, unfortunately we did not have all the necessary experimental data cor
responding to p = 1,500 bars.

The experimental results for lower pressures in Fig. 10 are fitted by a curve associated with
the theoretical results for loose sand with Ii l!! O. In this case we have from (4.42),

(4.44)

which involves only two material parameters, and does not display a peak stress. To obtain the
solid curve shown in rig. 10, we have set M =2.3 and alp =15. In rig. 11 the corresponding
variation of the void ratio is shown by the solid curve; the upper curve. It closely follows the data
for 350 and 500 bar pressure, but not those for 200 bar pressure.

In view of the fact that the experiments used here were not conducted to test the present
theory, the comparison seems to be good. We are, however, in the process of obtaining
additional experimental facts, in order to verify the theoretical predictions.

4.5 Additional comments
In recent years there has been a considerable effort devoted to the understanding of the

precursory events which may lead to unstable fault movements and consequent earthquakes. A
summary of this and related mechanical matters is given by Rice[l3J and by Stuart[l4J, where
references to other works can be found. In[lS] Stuart considers a constitutive model for the
fault PUle, which is essentially in the form of Curve (2) of Fig. 4(b), i.e. a dense aranular
material under large confining pressure. He then gives a qualitative account of the correspond-



512 S. NEMAT-NASSER and A. SHOKOOH

3

5040

p (BARS)

1000

1500

O~~--__--..d

CALCULATED

EXPERIMENT

10

2

o
o

1

q/p

20 30

E lC 102

F'I&- 9. Normalized differential stress, q/p, vs the strain, f .. (2/3) In(A2/A1), in triaxial tests of Ottawa sand;
Experimental data from Zoback and Byerlee(IO); The theoretical (solid) curve displays eqn (4.42) with

M .. 2.4. B .. (a/p)M +(help)" 32. alp .. 9 and (3 .. 7.

3r----...,-----r----r-----r-----.,

q/p
2

P (BARS)

1 0 200

0 350
EXPERIMENT D, 500

'iJ 750

CALCULATED

o

5040o 0 30

€ lC 102

F'1i. 10. Normalized differential stress, q/p, vs the strain. f" 2/3In(A~AI)'in triaxial tests of Ottawa sand;
Experimental data from Zoback and Byerlee(IO); The theoretical (solid) curve displays eqn (4.44) with

M .. 2.3 and a/p" IS.



On finite plastic ftows of compressible materials with internal friction

0.5

513

e

0.4

0.3

0.2

0.1

o
o 0

000

EXPERIMENT

CALCULATED

o 0

o
o 10 20 30 40 so

€ lC 102

FIB. II. Void ratio. e. vs the strain E in triaxial tests of Ottawa sand; Experimental data from Zoback and
Byerlee(IO}; The theoretical (solid) curves display cqn (4.33): the upper solid curve corresponds to the

qIP. ,-relation of FIB. 10. and the other curve to that of FIB. 9.

ins precursory events. In light of studies of this kind, we suggest that our constitutive relation
has potentiality for quantitative application to problems of this kind. In particular, it is not
difficult to explain stable fault movements in terms of gauge behavior similar to Curve (1) of Fig.
4(b). However, for unstable ruptures under very large confining pressures, the present model
may predict large stress drops (if hla in Fig. 4 is finite) which do not seem to occur during
earthquakes. On the other hand, if hla in Fig. 4 is small, or if the mechanism of rupture
involves only a reduction in the frictional resistance (e.g. M being reduced by a certain
amount), then the present model can be used to explain unstable fault movements and
subsequent arresting processes. These and related matters will be carefully examined in a
future report.
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